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1. Introduction
1.1. Area and shapes of polygons
There are remarkable examples of the use of Euclidean area of polygons to get geometric structures:
• Thurston constructed an (n− 3)-dimensional complex hyperbolic structure on the space of orientation-preserving simi-
larity classes of ﬂat metrics on the sphere S2 with n conical singularities of prescribed conical angles θ1, . . . , θn , where
0< θ j < 2π for all j. The condition 0< θ j < 2π is important (see Example 12). The method of complex hyperbolization
used by Thurston involves the area of polyhedra to obtain a pseudo-Hermitian form of signature (1,n − 3) (Proposi-
tion 3.3 in [1]).
• Bavard and Ghys considered the area function as a quadratic form on the space of similarity classes of plane polygons
with prescribed interior angles θ1, . . . , θn . They calculated the signature of this area form and showed that, in the case
0< θ j < π for all j, the space of polygons has a real hyperbolic structure of dimension n − 3 (Proposition 1 in [2], see
also [3]).
• Veech studied the area pseudo-Hermitian form on the space of singular ﬂat metrics on an arbitrary compact orientable
surface, up to orientation-preserving similarity. In Section 14 of [4], Veech computed the signature of this area form as
a function of the prescribed conical angles.
• Previously to all the above mentioned examples there is a famous article [5] by Deligne and Mostow. In this, Deligne and
Mostow showed a very different aspect of the complex hyperbolization of the space of orientation-preserving similarity
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appears as a pseudo-Hermitian form acting on some space of differential forms (Paragraphs 2.18–2.21 in [5]).
In this paper we use the area, in the same spirit as Thurston, to endow with a pseudo-Hermitian form the vector space
of translation classes of plane Euclidean polygons with n vertices. As a consequence, the space of orientation-preserving
similarity classes of Euclidean polygons with n vertices has a natural pseudo-Hermitian structure, and the real part of
the pseudo-Hermitian structure gives a pseudo-Riemannian metric. This result generalizes the real hyperbolic structure for
polygons of Bavard and Ghys, because we do not impose the interior angles restriction. Moreover, the Thurston’s complex
hyperbolic structure can be seen as the restriction of our pseudo-Hermitian form to a certain linear subspace (Remark 10),
a fact that is not mentioned in [1]. We calculate the geodesics of the pseudo-Riemannian metric (Proposition 8). We also
note, based on the work by Veech, that the space of hyperelliptic curves of given degree has a pseudo-Hermitian structure
(Proposition 14), but such a geometric structure is not geodesically complete.
1.2. Area and shapes of curves
From the same perspective, we note that the area of the region bounded by a closed curve in the Euclidean plane
determines a pseudo-Hermitian form on the vector space of translation classes of parametrized plane closed curves. We
calculate the geodesic paths in the space of orientation-preserving similarity classes of parametrized plane closed curves
(Proposition 18).
The space of shapes is, by deﬁnition, the space of orientation-preserving similarity classes of smooth plane closed curves
up to orientation-preserving reparametrization. The space of shapes is an interesting object, and several Riemannian struc-
tures on it have been studied recently (see for example [6–8]). If one wishes to construct the “optimal” deformation between
shapes, a natural formulation of “optimal” is simply to consider the geodesic path from one shape to another shape, with
respect to some geometric structure on the space of shapes. That is why some papers make special emphasis on the de-
scription of geodesics (for example [9,10]), so that the concept of geodesic can be used to quantify the intuitive idea of
whether two given shapes are similar, which is a main subject in computer vision and image recognition. We calculate the
geodesics of the space of shapes endowed with the area pseudo-Hermitian form (Theorem 22).
2. The area pseudo-Hermitian form on the space of polygons
2.1. The area pseudo-Hermitian form
Let n  3 be an integer. A polygon with n distinguished vertices in the Euclidean plane is determined by a point
(z1, z2, . . . , zn) ∈ Cn where z1, z2, . . . , zn are its consecutive vertices. Any kind of degenerations and self-crossings are al-
lowed. We say that a polygon is singular if it has self-crossings or repeated vertices, otherwise we call the polygon simple.
For example, the polygons(
e0, e4π i/5, e8π i/5, e2π i/5, e6π i/5
)
,
(
e0, e4π i/5, e8π i/5, e8π i/5, e2π i/5
)
,
(
e0, e4π i/5, e6π i/5, e0, e6π i/5
)
are singular because the former has self-crossings and the other two have repeated vertices.
The space of oriented polygonal shapes PS(n) is the space of polygons with n distinguished vertices up to equivalence by
orientation-preserving similarity; that is, two polygons (z1, . . . , zn) and (w1, . . . ,wn) are identiﬁed if and only if there exists
a complex aﬃne transformation f (z) = az + b of C, a = 0, so that f (zk) = wk for all k = 1, . . . ,n. Up to a translation, each
class of polygons has a representative (z1, . . . , zn) such that z1 + · · ·+ zn = 0, simply translate the centroid of the vertices to
the origin. If V (n) ⊂ Cn denotes the hyperplane V (n) = {(z1, . . . , zn): z1 + · · · + zn = 0}, the space PS(n) can be identiﬁed
with the complex projectivization P(V (n)) of the vector space V (n).
The signed area of a polygon Z = (z1, . . . , zn) is
A(Z) = i
4
n∑
j=1
(z j z¯ j+1 − z j+1 z¯ j), (1)
where subscripts should be taken mod n. This is a natural quadratic form on the set of polygons Cn . By polarization we get
the area pseudo-Hermitian form
〈
(z1, . . . , zn), (w1, . . . ,wn)
〉
A =
i
4
n∑
j=1
(z j w¯ j+1 − z j+1 w¯ j). (2)
Remark 1. It appears that the polygon (z1, . . . , zn) has a special vertex z1. However, note that the shift transformation
S(z1, . . . , zn) = (z2, z3, z4, . . . , zn−1, zn, z1)
is an isometry for the pseudo-Hermitian form 〈·,·〉A .
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integer, the area of the polygon formed by alternating vertices of the polygons Z = (z1, . . . , zn) and W = (w1, . . . ,wn) is
A(z1,w2, z3,w4, z5, . . . , zn−1,wn) = i
4
n∑
j=1
(z j w¯ j+1 − w j+1 z¯ j)+ i4
n∑
j=1
(w j z¯ j+1 − z j+1 w¯ j)
= i
4
n∑
j=1
(z j w¯ j+1 − z j+1 w¯ j)+ i4
n∑
j=1
(w j z¯ j+1 − w j+1 z¯ j)
= 2〈Z ,W 〉A.
For the imaginary part we have to rotate 90◦ one polygon:
	〈Z ,W 〉A = 〈Z , iW 〉A.
There are similar expressions for n 4 even:
A(z1,w2, z3, . . . , zn−1,wn)+ A(w1, z2,w3, . . . ,wn−1, zn) = 2〈Z ,W 〉A,
	〈Z ,W 〉A = 〈Z , iW 〉A.
Proposition 3. Let n 3. The restriction of 〈·,·〉A to V (n) has signature(
0,
n − 1
2
,
n − 1
2
)
for n odd,(
1,
n − 2
2
,
n − 2
2
)
for n even.
Proof. It is a variant of [11], Section 3. An orthogonal basis for (Cn, 〈·,·〉A) consists of the vectors
Pk =
(
1, e2π ik/n,
(
e2π ik/n
)2
,
(
e2π ik/n
)3
, . . . ,
(
e2π ik/n
)n−1)
,
k = 0,1,2, . . . ,n − 1. Moreover, {P1, P2, . . . , Pn−1} span the vector space V (n) and
〈Pk, Pk〉A = n2 sin(2πk/n)
⎧⎨
⎩
> 0 if k < n/2,
= 0 if k = n/2 (just in the case n even),
< 0 if k > n/2.

It follows that the area pseudo-Hermitian form is non-degenerated for n odd, and it is degenerated for n even. Consider
the orthonormal set {Pk/|〈Pk, Pk〉1/2A |}, where the integer k satisﬁes 0 < k < n/2 and n/2 < k < n. Such an orthonormal
set is a basis B of V (n) for n odd, and for n even this set can be completed to a basis B of V (n) adding the vector
Pn/2 = (1,−1,1,−1, . . . ,1,−1). Let n = 2m + 1 if n is odd, and n = 2m + 2 if n is even. In the basis B, the restriction of
〈·,·〉A to V (n) is written in the form
〈ζ, ξ 〉A =
m∑
k=1
ζk ξ¯k −
2m∑
k=m+1
ζk ξ¯k. (3)
As an easy application of the above ideas, we can describe the region of simple quadrilaterals.
Proposition 4. Let (α,γ ,β) be the coordinates of V (4) with respect to the basis {P1, P2, P3}. The region of simple quadrilaterals is
bounded by the real hypersurfaces
|α + iγ | = |β − iγ |,
|α − γ | = |β − γ |,
|α − iγ | = |β + iγ |,
|α + γ | = |β + γ |. (4)
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to zero. Due to formula (3) a parallelogram is simple if and only if |α| = |β|, and Eqs. (4) are satisﬁed in the case γ = 0.
Let α,β ∈ C be such that |α| = |β|. Let z1(γ ), z2(γ ), z3(γ ), z4(γ ) be consecutive vertices of the quadrilateral Pγ =
(α,γ ,β). The quadrilateral Pγ is simple if γ is small enough. While |γ | grows, the quadrilateral Pγ is simple until three
vertices zk−1(γ ), zk(γ ), zk+1(γ ) became aligned (subscripts should be taken mod 4). These three aligned points form a
triangle with area zero. The formula (1) applied to such points gives one of Eqs. (4), and each equation of (4) corresponds
to one value of k = 1,2,3,4. 
2.2. The Bergman product
Deﬁne V (n)− = {ζ ∈ V (n): 〈ζ, ζ 〉A < 0}. The complex projective space PS(n)− = P(V (n)−) is the space of polygons of
negative area up to orientation-preserving similarity. PS(n)− is a pseudo-Hermitian manifold with the Bergman product
induced by the form (3) as follows (see Example 1.11.14 in [12]). The pseudo-Hermitian structure on V (n)− deﬁned by
〈ξ1, ξ2〉ζ = 〈ξ1, ξ2〉A|〈ζ, ζ 〉A| , for ξ1, ξ2 ∈ Tζ V (n) and ζ ∈ V (n)
−,
is invariant up to multiplication by a complex scalar. We deﬁne on PS(n)− a pseudo-Hermitian structure 〈·,·〉P so as to
make the canonical projection π : V (n)− → P(V (n)−) a submersion: if ξ1, ξ2 ∈ Tζ V (n) we put 〈π∗ξ1,π∗ξ2〉P = 〈ξ1, ξ2〉ζ .
The Bergman product 〈·,·〉P determines a pseudo-Hermitian structure on PS(n)− with signature (0,m,m−1) for n odd,
and signature (1,m,m − 1) for n even.
The real part of the Bergman product
gP (ξ1, ξ2) = 〈ξ1, ξ2〉P
gives a pseudo-Riemannian metric on PS(n)− when n is odd, and a singular pseudo-Riemannian metric when n is even.
The imaginary part
ωP (ξ1, ξ2) = 	〈ξ1, ξ2〉P
gives a symplectic form on PS(n)− (it is easy to verify that ωP is closed; see for example the proof in [13], pp. 345–346).
Example 5 (The case n = 3). Consider triangles (z1, z2, z3), (w1,w2,w3) ∈ C3. For z0 = (z1+ z2+ z3)/3, the translated triangle
(z1 − z0, z2 − z0, z3 − z0) belongs to V (3), whose orthogonal basis is formed by the equilateral triangles P1 = (1, λ,λ2) and
P2 = (1, λ2, λ), where λ = e2π i/3 (proof of Proposition 3). The coordinates of (z1 − z0, z2 − z0, z3 − z0) with respect to the
orthonormal basis B = { 1τ P1, 1τ P2} are
(ζ1, ζ2) =
(
τ
z1 + λ2z2 + λz3
3
, τ
z1 + λz2 + λ2z3
3
)
,
where τ = 4
√
27
2 (paragraph after Proposition 3). The image of V (3)
− under the aﬃne chart (ζ1, ζ2) → ζ = ζ1/ζ2 of PS(3)
is the unitary ball  = {|ζ | < 1}. Note that the ﬁbers of the map
(z1, z2, z3) ∈ C3 → z1 + λ
2z2 + λz3
z1 + λz2 + λ2z3 ∈ Cˆ, (5)
where Cˆ denotes the Riemann sphere, are the classes of triangles with distinguished vertices up to orientation-preserving
similarity. We regard the tangent vectors ξ1, ξ2 ∈ Tζ as the vectors (ξ1,0), (ξ2,0) ∈ T(ζ,1)V (3). In order to ﬁnd the formula
of the Bergman product, we have to compute the (ζ,1)⊥-components of (ξ1,0), (ξ2,0), then we get
〈ξ1, ξ2〉P = ξ1ξ¯2
(1− |ζ |2)2 .
Therefore we have the following result.
Corollary 6. (PS(3)−, gP ) is isometric to the real hyperbolic plane H2 , and the symplectic form ωP is the hyperbolic area form.
Now we consider the space of oriented polygonal shapes without special vertex PS(n)−/PS , where PS : P(V (n)) →
P(V (n)) is the projectivization of the shift transformation S : V (n) → V (n) (see Remark 1). Let m be the integer in
Eq. (3).
Corollary 7. (PS(n)−/PS, gP ) is a pseudo-Riemannian orbifold with m singular points.
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The ﬁxed points of PS correspond to eigenvectors of S , and m of them belong to V (n)− . 
Example 5′ (The case n = 3 again). The function (5) maps S(z1, z2, z3) to z2+λ2z3+λz1z2+λz3+λ2z1 = λ
−1 z1+λ2z2+λz3
z1+λz2+λ2z3 , therefore S can be
seen as the rotation ζ → λ−1ζ of the unitary ball , and ( z1+λ2z2+λz3
z1+λz2+λ2z3 )
3 is an absolute invariant of the orientation-preserving
similarity classes of triangles.
2.3. Geodesics
Geodesics in (PS(n)−, gP ) are easy to describe by the theory of Riemannian submersions (see [14] for example). Let
Σ(n) be the real hypersurface Σ(n) = {ζ ∈ V (n): 〈ζ, ζ 〉A = −1}, and let h be the restriction of the projection π to Σ(n). The
ﬁbers h−1(h(ζ )) of h are the circles eiθ ζ , θ ∈ R, and the action of the circle S1 on Σ(n) given by (eiθ , ζ ) → eiθ ζ is by means
of isometries of the metric on Σ(n) inherited from gP . Note that ddθ e
iθ ζ |θ=0 = iζ and gP (ξ, iζ ) = 〈ξ, iζ 〉A = 	〈ξ, ζ 〉A .
Due to the fact that TζΣ(n) = {ξ ∈ Tζ V (n): gP (ξ, ζ ) = 0} the equality 〈ξ, ζ 〉A = 0 has double meaning:
1. ξ is tangent to Σ(n) at ζ ,
2. ξ is gP -orthogonal to the ﬁber h−1(h(ζ )).
The geodesics on the quotient space Σ(n)/S1 = PS(n)− are exactly the images under π of the geodesics in Σ(n) which are
orthogonal to the ﬁbers of the map π . Therefore, to know the geodesics in PS(n)− it is suﬃcient to know the geodesics in
Σ(n).
Proposition 8. For any pair ζ, ξ ′ ∈ Σ(n) choose the unique ξ = eiθ ξ ′ so that 〈ζ, ξ〉A = |〈ζ, ξ ′〉A|. Let ρ = 〈ζ, ξ〉A  0. The geodesic
γ (s) in Σ(n) from ζ to ξ , with constant speed 0 or ±1, is
γ (s) = (cos s + ρβ sin s)ζ + (β sin s)ξ for 0 ρ < 1, where β2ρ2 − β2 + 1 = 0;
γ (s) = (cosh s + ρβ sinh s)ζ + (β sinh s)ξ for ρ > 1, where β2ρ2 − β2 − 1 = 0;
γ (s) = (1+ s)ζ + sξ for ρ = 1.
Moreover, the above geodesics are orthogonal to the ﬁbers of the map π , therefore they represent geodesics on PS(n)− connecting the
classes π−1(π(ζ )) and π−1(π(ξ)). Since the curve γ is parametrized with constant speed, PS(n)− is geodesically complete.
Note that, according to Theorem 2.4.4 of [15], the geodesics in Σ(n) are the intersections P ∩ Σ(n) where P is a 2-
dimensional real plane through the origin of V (n).
Proof. It is suﬃcient to show that γ is the only curve satisfying the four conditions:〈
γ (s), γ (s)
〉
A = −1
(
the curve lies in Σ(n)
)
, (6a)〈
γ ′(s), γ (s)
〉
A = 0 (the curve is orthogonal to the ﬁbers of π), (6b)
〈γ ′(s), γ ′(s)〉A = ±1,0 (the curve is parametrized with constant speed), (6c)
γ ′′(s) = c(s)γ (s) (the acceleration has not a tangential component). (6d)
Moreover, one can construct γ as follows. The derivative of the real part of Eq. (6b) shows c(s) = 〈γ ′, γ ′〉A . Then c(s) is
constant by (6c). From (6d) and condition γ (0) = ζ we have geodesics of the form
γ (s) = ζ cos s + (αζ + βξ) sin s for the constant c(s) = −1,
γ (s) = ζ cosh s + (αζ + βξ) sinh s for the constant c(s) = 1,
γ (s) = ζ + (αζ + βξ)s for the constant c(s) = 0,
where γ ′(0) = αζ +βξ is a vector such that 〈γ ′(0), γ (0)〉A = 0. The equality α = ρβ comes from the orthogonality of γ ′(0)
and γ (0) given by (6b). The substitution of α by ρβ in (6a) leads us to
β2ρ2 − β2 + 1 = 0 for c = −1,
β2ρ2 − β2 − 1 = 0 for c = 1,
ρ2 − 1 = 0 for c = 0. 
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cos δ = ∣∣〈ζ, ξ 〉A∣∣ and 0 δ  π for 0 ∣∣〈ζ, ξ 〉A∣∣ 1,
cosh δ = ∣∣〈ζ, ξ 〉A∣∣ and 0 δ for ∣∣〈ζ, ξ 〉A∣∣ 1.
3. Spaces of polyhedra and hyperelliptic curves
3.1. Folding and gluing polygons to get polyhedra
Let θ1, . . . , θn be n 2 real numbers in the interval (0,2π). We denote by V (θ1, . . . , θn) the complex (n−1)-dimensional
subspace of V (2n) deﬁned by the linear equations
z2k−1 − z2k = e−iθk (z2k+1 − z2k), k = 1, . . . ,n, (7)
where subscripts are taken mod (2n). Given a polygon P ∈ V (θ1, . . . , θn)∩ V (2n)− which is simple, we obtain a polyhedron
♦(P ) by gluing, for k = 1, . . . ,n, the edges z2k−1z2k and z2k+1z2k by means of a rotation over z2k; it is possible from (7).
The polyhedron ♦(P ) has n + 1 cone points of cone angles θ1, . . . , θn and θn+1 = 2π(n − 1)− (θ1 + · · · + θn).
Remark 10. Consider the case 0< θ1, . . . , θn, θn+1 < 2π . What Thurston proved in Proposition 3.3 of [1] is interpreted, in our
context, as the restriction of 〈·,·〉A to V (θ1, . . . , θn) having signature (0,n − 2,1), the signature of the complex hyperbolic
geometry. The proof given by Thurston is by induction on n.
Example 11 (Particular case θ1 = θ2 = · · · = θn = θn+1). An orthogonal basis for (V (θ, . . . , θ︸ ︷︷ ︸
n times
), 〈·,·〉A) consists of the vectors
Pk =
(
1,
τ − τ¯ λk
τ − τ¯ , λ
k,
τλk − τ¯ λ2k
τ − τ¯ , λ
2k,
τλ2k − τ¯ λ3k
τ − τ¯ , . . . , λ
(n−1)k, τλ
(n−1)k − τ¯
τ − τ¯
)
,
for k = 1,2, . . . ,n − 1, where λ = e2π i/n and τ = eiθ/2.
Moreover, {P1, P2, . . . , Pn−1} span the vector space V (θ, . . . , θ︸ ︷︷ ︸
n times
) and
〈Pk, Pk〉A = n2	τ 
[
τ
(
λ¯k − 1)]{> 0 if k < 1,2, . . . ,n − 2,
< 0 if k = n − 1,
because θ must satisfy 2π n−2n < θ < 2π
n−1
n to allow θn+1 = θ .
As the next example shows, the condition 0< θ1, . . . , θn, θn+1 < 2π is necessary.
Example 12 (Particular case where θn+1  2π ). Consider the case θk = π , for k = 1, . . . ,n. Since the consecutive edges z2k−1z2k
and z2kz2k+1 are aligned,(
V (π, . . . ,π︸ ︷︷ ︸
n times
), 〈·,·〉A
)
is isometric to
(
V (n), 〈·,·〉A
)
,
but (V (n), 〈·,·〉A) does not have the signature of the complex hyperbolic geometry for n 4. Note that θn+1 = π(n−2) 2π
for n 4.
Let n  3 be an integer, and let ♦V (n) be the set of orientation-preserving similarity classes of Euclidean cone metrics
on the sphere with n cone singularities of cone angle π and one more singularity of cone angle π(n − 2).
Example 12 can be expressed in a more interesting way:
Lemma 13. ♦V (n) is a pseudo-Hermitian orbifold modeled on (PS(n)−, 〈·,·〉A).
Proof. Given a polyhedron representing a class in ♦V (n) one can ﬁnd, for each cone point vi of cone angle π , a simple
geodesic path γi from vi to the singularity of cone angle π(n−2), so that the n paths are disjoint. If we cut the sphere along
these n paths, then we obtain a polygon P with n vertices. The choice of γi can be made continuously on a neighborhood
of the given polyhedron. Since the polygon P = (z1, . . . , z2) and its conjugated (z¯1, . . . , z¯n) represent the same polyhedron,
we consider merely polygons P ∈ V (n)− . In this way ♦V (n) is equipped with an atlas modeled on PS(n)− .
The change of coordinates, from those given by the paths γ1, . . . , γn to those given by other simple and disjoint paths is
a linear map that preserves the area form 〈·,·〉A on PS(n)− . 
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Recall that a hyperelliptic curve C of degree n 3 is a complex projective plane curve of the form
C = {[x : y : z] ∈ P(C3): y2zn−2 = (x− α1z) · · · (x− αnz)}, (8)
where αk,k = 1, . . . ,n, are complex numbers such that αk = αl for k = l. Every hyperelliptic curve of degree n is a Riemann
surface of genus [(n − 1)/2], where [·] is the greatest integer function. For a ﬁxed hyperelliptic curve C of the form (8), we
denote by
W= {[αk : 0 : 1]: k = 1, . . . ,n}∪ {[0 : 1 : 0]}⊂ C
the set of its Weierstrass points.
Proposition 14. Let n  3 be an odd integer. The set of complex analytic classes of hyperelliptic curves of degree n has a geometric
structure modeled on PS(n)− . Such a geometric structure is not geodesically complete.
Remark 15. Indeed a more general result is valid: the Teichmüller space of hyperelliptic curves with marked Weierstrass
points has a geometric structure modeled on PS(n)− . This can be seen as a consequence of Theorem 0.1 in [16] and
Theorems 13.14, 14.6 in [4], but we ﬁnd interesting enough to make it explicit. Moreover, the proof that we give in this
case is quite simple and it is an application of the pseudo-Hermitian structure in the space of polygons.
Remark 16. It is well known that every Riemann surface of genus 1 is conformally isomorphic to a hyperelliptic curve of
degree 3, and every Riemann surface of genus 2 is conformally isomorphic to a hyperelliptic curve of degree 5. In particular,
Proposition 14 says that the moduli space of elliptic curves (case n = 3) is modeled on PS(3)− , which has a real hyperbolic
geometry; and the moduli space of curves of genus 2 is modeled on PS(5)− , which has a pseudo-Hermitian structure with
signature (2,1). For elliptic curves, the hyperbolic structure that we obtain agrees with that obtained from the Teichmüller
theory.
Proof. Let Mn be the set of complex analytic classes of hyperelliptic curves of degree n. By the main theorem in [17] (see
also Proposition 7.12 in [4]) the space Mn can be identiﬁed canonically with the space of orientation-preserving similarity
classes of singular ﬂat metrics on the surface of genus (n − 1)/2 with prescribed conical angle θk at each Weierstrass
point [αk : 0 : 1].
Now choose θk = 2π for all k = 1, . . . ,n. This choice is due to Theorem 0.1 in [16]: if C denotes a curve of the form (8),
the quadratic differential q = dx2/y2 determines a singular ﬂat metric on C which is ﬂat except at the Weierstrass point
[0 : 1 : 0] ∈ C , where the conical angle is 2π(n − 2), and this singular ﬂat surface is isometric to the identiﬁcation space
X of a centrally symmetric simple polygon with 2(n − 1) vertices and opposite sides glued by translation. The involution
τ (z) = −z on the centrally symmetric polygon induces an isometry of X , the so-called hyperelliptic involution, and the
quotient X/τ determines an element in ♦V (n). Hence we have a correspondence Mn → ♦V (n) which is one-to-one and
onto. By Lemma 13, this correspondence deﬁnes a pseudo-Hermitian structure on Mn .
The geometric structure is not geodesically complete because the geodesics can leave the region of simple polygons and
get in the region of self-crossing polygons. 
4. The area pseudo-Hermitian form on the space of closed curves
4.1. The space of parametrized curves
From now on, differentiable will always mean of the C∞ class.
Now we consider the complex vector space
V∞ = {γ : R/(2πZ) → C: γ is differentiable}
endowed with the area quadratic form
A(γ ) = 1
2i
∫
γ
z¯ dz = 1
2i
2π∫
0
γ (t)γ ′(t)dt.
By polarization we have the area pseudo-Hermitian form
〈γ1, γ2〉A = 1
2i
2π∫
γ2(t)γ
′
1(t)dt.0
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〈γ2, γ1〉A = 1
2i
2π∫
0
γ1(t)γ
′
2(t)dt = −
1
2i
2π∫
0
γ2(t)γ1(t)
′ dt = 〈γ1, γ2〉A.
The vector subspace V∞0 = {γ ∈ V∞:
∫ 2π
0 γ (t)dt = 0} contains exactly one representative for each translation class of
elements in V∞ .
Let H1 be the closure of V∞ with respect to the norm
‖γ ‖H1 =
(‖γ ‖2L2 + ∥∥γ ′∥∥2L2)1/2,
where ‖ · ‖L2 denotes the norm on the space L2(R/(2πZ)). It is well known that H1 is a Hilbert space whose elements
are absolutely continuous curves γ : S1 → C for which γ ′(t) exist for almost all t and γ ′ ∈ L2(R/(2πZ)) (see Chapter 7
in [18], for example). Note that H1 ⊂ L2(R/(2πZ)). Denote by H10 the closed vector subspace {γ ∈ H1:
∫ 2π
0 γ (t)dt = 0},
whose elements γ are such that in the Fourier expansion γ (t) =∑n∈Z aneint one has a0 = 0.
By Young’s inequality
A(γ ) 1
2
2π∫
0
∣∣γ (t)γ ′(t)∣∣dt  1
4
2π∫
0
∣∣γ (t)∣∣2 dt + 1
4
2π∫
0
∣∣γ ′(t)∣∣2 dt = 1
4
‖γ ‖2H1 ,
hence
A(γ + η)− A(γ )− 2〈γ ,η〉A = A(η) 1
4
‖η‖2H1 ,
and the extension A : H10 → R is a C∞-function whose differential is given by DA(γ ) · η = 2〈γ ,η〉A . Therefore the level
set Σ∞ = {γ ∈ H10: A(γ ) = −1} is a submanifold of H10 by the Implicit Function Theorem.
Proposition 17 (Analogous to Proposition 3). The set {eint}n∈Z{0} forms an orthogonal Hilbert basis for (H10, 〈·,·〉A).
Proof. Direct computation shows 〈eint, eimt〉A = 0 for n = m and 〈eint, eint〉A = nπ for all n ∈ Z. The Fourier series of γ
converges to γ in H1. 
Indeed, for γ ∈ H10 arbitrary, the series
∑
n∈Z{0}
〈γ , eint〉A
nπ
eint
and the Fourier series of γ
γ (t) =
∑
n∈Z
(
1
2π
2π∫
0
γ (t)e−int dt
)
eint
are equal:
〈γ , eint〉A
nπ
= 〈e
int, γ 〉A
nπ
= 1
2π
2π∫
0
γ (t)eint dt = 1
2π
2π∫
0
γ (t)e−int dt.
Therefore Fourier series come naturally in our context.
The manifold P(Σ∞) can be thought of as the space of orientation-preserving similarity classes of parametrized closed
curves. Geodesic curves are calculated using arguments similar to those in the proof of Proposition 8 (details on inﬁnite
dimensional geometry are presented in [12] and [19]; in particular, Chapter 2 of [12] deals with the Riemannian geometry
of the space H1 in a broader context):
Proposition 18 (Analogous to Proposition 8). Consider γ1, γ2 ∈ Σ∞ so that ρ = 〈γ1, γ2〉A  0. The geodesic Γ (s) in Σ∞ from γ1 to
γ2 , with constant speed 0 or ±1, is
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Γ (s) = (cosh s + ρβ sinh s)γ1 + (β sinh s)γ2 for ρ > 1, where β2ρ2 − β2 − 1 = 0;
Γ (s) = (1+ s)γ1 + sγ2 for ρ = 1.
Moreover, the above geodesics are orthogonal to the ﬁbers of the map π , therefore they represent geodesics on P(Σ∞) connecting
the classes π−1(π(γ1)) and π−1(π(γ2)).
Since the curve Γ is parametrized with constant speed, P(Σ∞) is geodesically complete.
The geodesic distance d([γ1], [γ2]) between the two classes [γ1], [γ2] is the number δ that satisﬁes
cos δ = ρ and 0 δ  π for 0 ρ  1,
cosh δ = ρ and 0 δ for ρ  1.
Another way of stating the ﬁrst part of Proposition 18 is the following.
Proposition 18′ . The geodesics of P(Σ∞), with initial condition Γ (0) = γ0 ∈ Σ∞ and constant speed −1, 1 or 0 are, respectively, of
the form
Γ (s) = (cos s)γ0 + (sin s)γ1 for 〈γ1, γ1〉A = −1,
Γ (s) = (cosh s)γ0 + (sinh s)γ1 for 〈γ1, γ1〉A = 1,
Γ (s) = γ0 + sγ1 for 〈γ1, γ1〉A = 0, (9)
where γ1 ∈ H10 is such that 〈γ0, γ1〉A = 0 (that is, γ1 ∈ Tγ0H10 is orthogonal to the ﬁber π−1(π(γ0))).
Example 19. The Fourier expansion of the ellipse γ1(t) = a1 cos(−t) + ib1 sin(−t) is γ1(t) = [(a1 − b1)eit + (a1 + b1)e−it]/2,
with t ∈ R/(2πZ). Hence
〈γ1, γ1〉A = π
[
(a1 − b1)2 − (a1 + b1)2
]
/4 = −πa1b1,
〈γ1, γ2〉A = π
[
(a1 − b1)(a2 − b2)− (a1 + b1)(a2 + b2)
]
/4 = −π [a1b2 + a2b1]/2,
where γ2(t) is the ellipse a2 cos(−t) + ib2 sin(−t), t ∈ R/(2πZ). We assume that a1,a2,b1,b2 > 0. With the aim of ﬁnding
the geodesic path between the orientation-preserving similarity classes [γ1] and [γ2], we choose representatives α1 ∈ [γ1]
and α2 ∈ [γ2] such that 〈α1,α1〉A = 〈α2,α2〉A = −1 and 〈α1,α2〉A  0, namely α1 = γ1/
√
πa1b1 and α2 = eπ iγ2/
√
πa2b2.
Since ρ = 〈α1,α2〉A = (a1b2 + a2b1)/(2
√
a1a2b1b2 )  1 for all a1,a2,b1,b2 > 0, Proposition 18 states that d([γ1], [γ2]) =
cosh−1 ρ and the geodesic between [γ1] and [γ2] is [Γ (s)] where
Γ (s) =
(
cosh s + ρ sinh s√
ρ2 − 1
)
α1 +
(
sinh s√
ρ2 − 1
)
α2 (10)
is a curve of ellipses centered at the origin with unit area.
Remark 20. Given an integer n > 1, the polygon(
γ (0), γ (2π/n), γ (4π/n), γ (6π/n), . . . , γ
(
(n − 1)2π/n)) ∈ Cn (11)
can be seen as an approximation of the curve γ , and the ﬁnite dimensional manifold PS(n)− provides a ﬁnite dimensional
model for the inﬁnite dimensional manifold P(Σ∞). In fact, if γ (t) = eikt then the polygon given by (11) is the polygon
Pk shown in the proof of Proposition 3, for 0  k  n − 1, and the metric vector space spanned by {eikt}(n−1)/2(1−n)/2  {e0} is
isomorphic to V (n) for any odd integer n 3.
4.2. The space of geometric curves
Let Diff(S1) be the group of diffeomorphisms of the circle S1 = R/(2πZ), and let Diff+(S1) be the group of orientation-
preserving diffeomorphisms of the circle S1.
Remark 21 (Analogous to Remark 1). If ϕ ∈ Diff+(S1), then the reparametrization function Rϕ : V∞ → V∞ given by Rϕ(γ ) =
γ ◦ ϕ is an isometry for the pseudo-Hermitian form 〈·,·〉A .
The set of regular curves {γ ∈ V∞0 : γ ′(t) = 0 for all t ∈ S1} will be represented by Imm0.
On the circle S1, any differentiable vector ﬁeld v : S1 → R generates a 1-parameter group of diffeomorphism, it is the so-
called ﬂow of v . If ϕ : R × S1 → S1 is the ﬂow of v , then dds |s=0γ (ϕ(s, t)) = γ ′(ϕ(0, t)) ∂ϕ∂s (0, t) = v(t)γ ′(t). This discussion
implies that the tangent space at γ ∈ Imm0 of the Diff(S1)-orbit of γ is the vector space
J.L. López-López / Differential Geometry and its Applications 28 (2010) 582–592 591Tγ Diff :=
{
vγ ′: v is a differentiable vector ﬁeld on S1
}⊂ Tγ H1.
Consider the pseudo-Riemannian metric given by the real part 〈·,·〉A . For γ0 ∈ Imm0 we have γ1 ∈ (Tγ0 Diff)⊥ if and
only if 0 = 〈γ1, vγ ′0〉A for all differentiable vector ﬁelds v on S1, which is equivalent to γ ′0(t)γ ′1(t) ∈ R for almost all t ∈ S1.
We deﬁne the space of shapes S∞ = P(Σ∞)/Diff+(S1) endowed with the metric such that the projection P(Σ∞) →
S∞ is a Riemannian submersion off the singular points, which appear because the action of Diff+(S1) on P(Σ∞) is not
free (see Section 3 of [20]). If Γ : R → P(Σ∞) is of the form (9) and satisﬁes the hypotheses of Proposition 18′ , then
γ1 ∈ (Tγ0 Diff)⊥ implies ddsΓ (s0) ∈ (TΓ (s0) Diff)⊥ for all s0 ∈ R. This shows the existence of horizontal geodesics for the
submersion P(Σ∞) → S∞ (recall that a horizontal geodesic is a geodesic Γ (s) in Σ∞ which is orthogonal at one hence all
points to the tangent subspaces TΓ (s) Diff). Every geodesic in S∞ is the projection of a horizontal geodesic, so we get the
following result.
Theorem 22. For γ0 ∈ Σ∞ given, the curve Γ : R → Σ∞ represents a geodesic in S∞ , with initial condition Γ (0) = γ0 and constant
speed 0 or ±1, if and only if it is of the form (9), where γ1 ∈ H10 is such that 〈γ0, γ1〉A = 0 and γ ′0(t)γ ′1(t) ∈ R for almost all t ∈ S1 .
4.2.1. Geometric interpretation of the orthogonality condition γ ′0(t)γ ′1(t) ∈ R for regular curves
For γ0, γ1 ∈ Imm0 given, we provide a geometric condition for the existence of a reparametrization of γ1 such that
γ ′0(t)γ ′1(t) ∈ R for all t ∈ S1.
Let gγ (t) = γ ′(t)/|γ ′(t)| be the Gauss map of γ . For simplicity, we consider only the case in which the Gauss map has
a ﬁnite number of singular points, but the result can be easily extended, in the obvious way, to include a ﬁnite number of
intervals of singular points. Two curves γ0, γ1 ∈ Imm0 whose Gauss maps have a ﬁnite number of singular points are said
to have equivalent Gauss maps if:
1. gγ0 , gγ1 : S1 → S1 have the same topological degree; in other words, γ0 and γ1 have the same winding number or
rotation index.
2. gγ0 , gγ1 have the same number m 0 of critical points.
3. There is an ordered enumeration {t1, t2, . . . , tm} ⊂ S1 of the singular points of γ0 (that is, the real numbers t1 < t2 <
· · · < tm are representatives of the m critical points in S1 = R/(2πZ)) and an ordered enumeration {τ1, τ2, . . . , τm} ⊂ S1
of the singular points of γ1 such that gγ0(t j) = gγ1 (τ j) for j = 1,2, . . . ,m.
Proposition 23. Let γ0, γ1 ∈ Imm0 be two curves whose Gauss maps have a ﬁnite number of singular points. If there exists an
orientation-preserving differentiable reparametrization ϕ : S1 → S1 such that γ ′0(t)(γ1 ◦ ϕ)′(t) ∈ R for all t ∈ S1 , then γ0 and γ1
have equivalent Gauss maps.
If γ0 and γ1 have equivalent Gauss maps, then there exists an orientation-preserving piecewise differentiable homeomorphism
ϕ : S1 → S1 such that γ ′0(t)(γ1 ◦ϕ)′(t) ∈ R for all t ∈ S1 . The singular points of the reparametrization ϕ are the singular points of γ1 .
Remark 24. If the curvature of γ0, γ1 ∈ Imm0 does not vanish anywhere, then the Gauss map of γ0 and γ1 does not
have singular points. Hence, for this case Proposition 23 says that there exists an orientation-preserving differentiable
reparametrization ϕ such that γ ′0(t)(γ1 ◦ ϕ)′(t) ∈ R for all t ∈ S1 if and only if γ0 and γ1 have the same winding num-
ber. Call γ oval if its curvature does not vanish anywhere and its winding number is −1. Proposition 23 states that in S∞ ,
an oval γ0 can be geodesically deformed in the inﬁnitesimal direction of any oval γ1 after a reparametrization γ1 ◦ ϕ .
Proof. We can write the Gauss map of γ j in the form gγ j = eiψ j(t) where ψ j is a real function, for j = 0,1. Indeed, up
to addition of constants in the domain and codomain of the function ψ j , we can assume that ψ j : [0,2π ] → [0,2πw] (or
α j : [0,2π ] → [2πw,0] if w < 0) satisﬁes
1. ψ j(0) = 0,
2. ψ j(2π) = 2πw , where w is the winding number of γ j ,
3. 0 is a critical point of ψ j ,
for j = 0,1.
Equation γ ′0(t)γ ′1(t) ∈ R for all t ∈ S1 is equivalent to gγ0(t) = gγ1(t) for all t ∈ S1. Therefore, γ ′0(t)γ ′1(t) ∈ R for all t ∈ S1
if and only if the functions ψ0 and ψ1 are equal.
On the other hand, γ0 and γ1 have equivalent Gauss maps if and only if the critical points 0 = t1 < t2 < · · · < tm < tm+1 =
2π of ψ0 and the critical points 0 = τ1 < τ2 < · · · < τm < τm+1 = 2π of ψ1 satisfy ψ0(t j) = ψ1(τ j) for j = 2, . . . ,m. Hence it
is clear that γ0 and γ1 have equivalent Gauss maps if and only if there exists a homeomorphism ϕ : [0,2π ] → [0,2π ] such
that ψ1 ◦ ϕ = ψ0, which is differentiable on the intervals (τ j, τ j+1) for j = 1, . . . ,m. 
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